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We study (bounded) finitely additive measures on the group of integers Z , as
elements of the Banach algebra ba(Z), viewed as a natural generalization of ul-
trafilters. The algebraic structure of ba(Z) extends the semigroup structure of
the Čech–Stone compactification, allowing methods from ultrafilter theory to be
applied in a broader measure-theoretic setting. We investigate idempotent finitely
additive measures and establish additive properties of subsets of Z having positive
measure. We then proceed to study almost translation-invariant and translation-
invariant finitely additive measures, showing that these stronger notions yield
correspondingly stronger additive conclusions. In particular, we prove that every
subset of Z whose measure exceeds a certain explicit threshold necessarily is an
IPn -set; with stronger properties and lower thresholds depending on the properties
of the relevant measures. Several examples illustrating the sharpness and limita-
tions of the results are also presented, together with a discussion of open problems
and directions for future research.

43A05; 03E75, 54D80, 05D10, 43A07

1 Introduction

This paper deals with bounded finitely additive measures over the group of integers Z,
especially insofar as these measures constitute a generalization of the concept of an ul-
trafilter. The theory of bounded finitely additive measures is classical and is developed,
for example, in [5]. The set of all (signed) bounded finitely additive measures over Z,
denoted ba(Z), has a structure of Banach algebra making it isomorphic to ℓ∞(Z)∗ , and
contains within its unit ball a copy of the Čech–Stone compactification βZ. The alge-
braic structure of βZ, including its interpretation as the space of ultrafilters endowed
with the Stone topology and its natural semigroup operation, is treated in detail in [15]
and in [3]. The interpretation of ultrafilters as a particular case of finitely additive
measures is made precise by identifying ultrafilters with {0, 1}-valued measures.
Under this optics, it turns out that the usual ultrafilter addition operation, extending
the usual addition in Z, and which is one of the fundamental tools in the algebraic
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approach to Ramsey theory, corresponds exactly to the Banach algebra (Arens) product
in ba(Z). Therefore the structure ba(Z) can be conceived as a generalization of βZ.
In this paper we strive to correspondingly generalize the use of the additive tools of
βZ, useful in proving Hindman’s theorem [13] and many of its extensions. Hindman’s
theorem and the associated theory of finite-sums sets and IP-sets have become central
tools in Ramsey theory and combinatorial number theory through the work of [14], [9],
and [15].
We begin by studying idempotent finitely additive measures, and attempt to extract
consequences of these kinds of measures in terms of finite sum-sets contained within
subsets of Z with certain measures, by analogy with the ultrafilter case, where idem-
potent ultrafilters are central in extracting these kinds of conclusions.

Afterwards, we attempt to obtain variations of the concept of idempotent measures that
could allow us to guarantee additive properties of sets based on their measure. We begin
by studying almost translation-invariant measures, followed by translation-invariant
measures. Translation-invariant finitely additive measures have been extensively stud-
ied in the theory of invariant means and amenable groups [12], particularly in the
setting of the natural numbers [11]. Almost translation-invariant measures are, in the
ultrafilter context, precisely equivalent to idempotence [15]; in this more generalized
context they provide us with slightly better upper bounds than idempotent measures
do. Translation-invariant measures, on the other hand, have stronger properties. We
correspondingly introduce a stronger definition on the additive side, singling out sets
of integers possessing sets of finite sums in a very strong way.

On Section 2 we lay out the basic definitions and results that we will take as a starting
point. Then, on Section 3, we study idempotent finitely additive measures, proving
additive results but also showing several examples. Section 4 focuses on translation-
invariant and almost translation-invariant measures, and in this section we prove the
corresponding combinatorial theorems, analogous to the ones from the previous section,
but with better bounds. Finally, there is a short final Section with some discussion and
open questions.

2 Preliminaries

In this section we state the definitions that will be used throughout the paper, as well as
certain facts about them. All of these are standard, and can be found in classical sources
such as [3, 15, 4, 5]. We begin by stating what pertains to the theory of ultrafilters.

Definition 2.1 Let X be an infinite set.



Finitely additive measures on Z and additive combinatorics 3

(1) An ultrafilter on X is a collection u ⊆ P(X) satisfying the following axioms:

(a) ∅ ∈ u,

(b) If A,B ∈ u, then A ∩ B ∈ u,

(c) If A ∈ u and A ⊆ B ⊆ X , then B ∈ u,

(d) For every A ⊆ X
A ∈ u or X \ A ∈ u,

but not both.

(2) We denote the set of all ultrafilters on X by βX .

(3) For each subset A ⊆ X we define

A = {p ∈ βX|A ∈ p} .

(4) The Stone topology on βX is the topology generated by the family
{

A|A ⊆ X
}

;
this family forms a basis of clopen sets.

It is standard to consider X to be a subset of βX by means of identifying every x ∈ X
with the corresponding principal ultrafilter {A ⊆ X|x ∈ A}. In this line of thought,
the topological space βX (considered with the Stone topology) is a compact Hausdorff
space containing X (considered as a discrete space) as a dense open subset. Under
these conditions, βX is known as the Čech–Stone compactification of X . In the case
where X has a group structure, such as if X = Z equipped with addition, this operation
can be extended to all of βZ.

Definition 2.2 The binary operation + on βZ is given by: for p, q ∈ βZ, the element
p + q ∈ βZ is defined by

A ∈ p + q ⇔ {n ∈ Z|A − n ∈ q} ∈ p.

Equivalently,

A ∈ p + q ⇔ {n ∈ Z| {m ∈ Z|n + m ∈ A} ∈ q} ∈ p.

It is known that + is a semigroup operation on βZ, extending the addition on Z.
Note that + is not commutative in βZ. Under these conditions, βZ is known as a
right-topological semigroup, a semigroup with the property that, for every fixed v, the
mapping u 7−→ u + v is continuous.

Having defined all of the concepts related to ultrafilters, we proceed to state some
definitions that can be seen as a generalization.
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Definition 2.3 Let X be a nonempty set.

(1) A function µ : ℘(X) −→ [−∞,∞] is called a (signed) finitely additive measure
if it satisfies the following:

(a) µ(∅) = 0,
(b) Whenever A,B ⊆ X are disjoint,

µ(A ∩ B) = µ(A) + µ(B).

(2) We will say that a finitely additive measure µ on X is positive if µ(A) ≥ 0 for
all A ⊆ X .

(3) We use the notation ba(X) to denote the set of all bounded signed finitely additive
measures on X .

Note that a signed finitely additive measure µ admits a Jordan decomposition as
µ = µ+ − µ− , where µ+, µ− are both positive measures. However, µ need not
necessarily admit a Riesz decomposition.

The set ba(X) can be thought of as the dual of the Banach space ℓ∞(X) by identifying
each µ ∈ ba(X) with the linear functional : ℓ∞(X) −→ R given by integrating with
respect to µ. This perspective gives ba(X) the structure of a Banach space, where the
norm for a positive finitely additive measure µ is given by ∥µ∥ = µ(X). Additionally,
this allows us to equip ba(X) with the weak∗ -topology, the coarsest topology making
all evaluation maps µ 7−→

∫
f dµ continuous, for all f ∈ ℓ∞(X).

Definition 2.4 For an infinite set X , we will say that a finitely additive measure µ on
X is an ultrafilter measure if it is a positive finitely additive measure such that, for all
A ⊆ X , we have µ(A) ∈ {0, 1}.

We formally record the following easy-to-prove result, while at the same time we
introduce some notation that will be used throughout the rest of the paper.

Theorem 2.5 Let X be an infinite set. Given an ultrafilter u on X , we define its
ultrafilter measure µu by:

µu(A) =

{
1, if A ∈ u

0, if A/∈ u.

Then µu(A) is a finitely additive ultrafilter measure. Conversely, given a finitely
additive ultrafilter measure µ, we may define uµ = {A ⊆ X|µ(A) = 1}, and uµ is an
ultrafilter on X . Furthermore, µuµ = µ for all ultrafilter measures, and uµu = u for all
ultrafilters u ∈ βX .
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Therefore, the family of all ultrafilters and the family of all ultrafilter measures are in a
natural bijection. Ultrafilter measures sit within the unit ball of ba(X) and, furthermore,
the aforementioned identification of ultrafilters and ultrafilter measures allows us to
think of βX as a topological subspace of ba(X), when we see the latter as equipped
with the weak∗ -topology.

Now, when we perform all of the previous constructions on a set that comes equipped
with a group operation, such as if X = Z (the additive group of integers), we can
identify each n ∈ Z with the basic sequence en ∈ ℓ1(Z) (the sequence whose n-th
value is 1, and all other values are 0) and consider the usual convolution operation in
ℓ1(Z) as a semigroup operation that extends the addition in Z. This makes ℓ1(Z) into
a Banach algebra, and induces a Banach algebra structure into its dual space ℓ∞(Z).
This viewpoint allows us to define the left Arens product on ba(Z) by the equation:

(µ ∗ ν)(A) =
∫ ∫

χA(n + m) dν(m) dµ(n);

this product makes ba(Z) into a Banach algebra, and coincides with the ultrafilter sum
in the case of ultrafilter measures.

We now proceed to state the definitions from additive combinatorics that we will use.

Definition 2.6 Let (mk)αk=1 , where α ∈ N∪{∞}, be a (finite or infinite) sequence of
natural numbers. Define the set of all finite sums of distinct elements of this sequence
by

FS(mk) = {mk1 + mk2 + · · ·+ mkm |1 ≤ k1 < · · · < km, 1 ≤ m ≤ α}.

Definition 2.7 Let X ⊆ Z.

(1) For an n ∈ N, we say that X is an IPn -set if there exists a sequence of length n,
(mk)n

k=1 , such that FS(mk) ⊆ X ,

(2) we say that X is an IP-set if there exists an infinite sequence, (mk)∞k=1 , such that
FS(mk) ⊆ X .

So the Ramsey-theoretic result known as the Folkman–Rado–Sanders’s theorem es-
tablishes that, for every n ∈ N, there exists a sufficiently large M such that whenever
{1, 2, . . . ,M} = X0∪X1 , then necessarily one of the Xi is an IPn -set. The more general
Hindman’s theorem asserts that the family of IP-sets forms a coideal (that is, if X is an
IP-set and X = X0 ∪ X1 , then one of the Xi is an IP-set). The well-known ultrafilter
proof of Hindman’s theorem proceeds by establishing that there are nonprincipal idem-
potent ultrafilters (with respect to the ultrafilter addition, that is, there are nonprincipal
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ultrafilters u such that u+u = u), and that every element of a nonprincipal idempotent
ultrafilter is an IP-set [15, Theorems 5.12 and 16.4]. Therefore, translating this to the
language of finitely additive measures, we obtain the following.

Corollary 2.8 If µ ∈ ba(Z) is an idempotent ultrafilter measure, then every A ⊆ Z
such that µ(A) > 0 is an IP-set.

In the previous corollary, “idempotent” refers to the Arens product. So, idempo-
tent finitely additive measures are those measures µ ∈ ba(Z) such that µ ∗ µ = µ.
Combinatorially, recovering the definition of µ ∗ µ, this means that, for every A ⊆ Z,

µ(A) =
∫

µ(A − x) dµ(x).

We finish this section with a lemma that will be used throughout the paper.

Proposition 2.9 Let A ⊆ Z, and let n ∈ N. Then, A is an IPn+1 -set if and only if
there exists an x ∈ A such that A ∩ (A − x) is an IPn -set.

Proof

⇒ Let (xk)n+1
k=1 be a sequence of length n + 1 such that FS(xk) ⊆ A. Then xn+1 ∈ A

and, for each y ∈ FS(xk)n
k=1 , we have that y + xn+1 ∈ FS(xk)n+1

k=1 ⊆ A, which
means y ∈ A − xn+1 . Thus FS(xk)n

k=1 ⊆ A − xn+1 ; of course it is also the case
that FS(xk)n

k=1 ⊆ FS(xk)n+1
k=1 ⊆ A. Therefore FS(xk)n

k=1 ⊆ A ∩ (A − xn+1), and
so A ∩ (A − xn+1) is an IPn -set.

⇐ Suppose x ∈ A is such that A∩ (A−x) is an IPn -set, and let (xk)n
k=1 be a sequence

of length n such that FS(xk) ⊆ A ∩ (A − x). Define xn+1 = x and consider the
sequence of lenth n + 1 given by (xk)n+1

k=1 . Given a y ∈ FS(xk)n+1
k=1 , there are

three possible cases:

(1) y ∈ FS(xk)n
k=1 , in which case we have y ∈ A ∩ (A − x) ⊆ A;

(2) y = xn+1 = x ∈ A,

(3) y = z + xn+1 , where z ∈ FS(xk)n
k=1 . In this case we know by hypothesis

that z ∈ A ∩ (A − x) ⊆ A − x , meaning that y = z + xn+1 = z + x ∈ A.

In all three cases under consideration we were able to conclude that y ∈ A,
therefore FS(xk)n+1

k=1 ⊆ A and A is an IPn+1 -set.
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3 Idempotent measures and IPn-sets

There are several different proofs of Hindman’s theorem, involving several different
ideas: from purely combinatorial [1], to using ultrafilters [15, 7], to using tools such as
ergodic theory [10]. Originally motivated by finding yet another proof utilizing ba(Z),
we would like to see what kinds of results, in a spirit similar to that of Corollary 2.8,
can be obtained when considering general idempotent finitely additive measures, that
are not necessarily ultrafilter measures. At first sight, we do not seem to be able to
obtain results as strong.

Theorem 3.1 Recursively define a sequence (αn)n∈N of real numbers by:

α1 = 0,

αn+1 =
αn − 1 +

√
α2

n − 2αn + 5
2

.

Then we have:

(1) Each of the αn is a well-defined real number,

(2) the sequence (αn)n∈N is strictly increasing, and for each n, 0 ≤ αn < 1,

(3) if µ is an idempotent positive measure in the unit ball of ba(Z), then for every
A ⊆ Z we have that µ(A) > αn implies that A is an IPn -set.

Proof

(1) The polynomial X2 − 2X + 5 has a negative discriminant and hence it has no
real roots. Therefore, this polynomial always takes positive values. In particular
α2

n − 2αn + 5 > 0.

(2) Begin by noting that (1 − αn)2 < α2
n − 2αn + 5; from here it follows that

1 − αn <
√

α2
n − 2αn + 5 and so the numerator from the inductive definition

of αn+1 is positive; hence αn+1 > 0. We now prove αn < αn+1 < 1 by
induction on n, there being nothing to do for n = 1. So we assume by
induction hypothesis that αn < 1, which in particular implies that 4αn < 4.
From here, on the one hand it follows that (αn + 1)2 < α2

n − 2αn + 5, hence
αn + 1 <

√
α2

n − 2αn + 5 and so 2αn < αn − 1 +
√
α2

n − 2αn + 5, which
immediately implies αn < αn+1 . On the other hand, from the same inequality
one can deduce α2

n − 2αn + 5 < α2
n − 6αn + 9 = (αn − 3)2 , so that from there it

follows that
√
α2

n − 2αn + 5 < 3−αn and hence αn−1+
√

α2
n − 2αn + 5 < 2,

so that αn+1 < 1.
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(3) The proof goes by induction on n ∈ N, the case n = 1 being straightforward
(µ(A) > 0 implies A ̸= ∅, which is the same as being an IP1 -set). Now suppose
the theorem is established for certain n, assume that µ(A) > αn+1 , and define

A⋆ = {x ∈ A|µ(A − x) > αn + 1 − µ(A)},

We will proceed to estimate the measure of A⋆ . Note that

µ(A) = (µ ∗ µ)(A) =
∫
Z
µ(A − x) dµ(x)

=

∫
Z\A

µ(A − x) dµ(x) +
∫

A\A⋆

µ(A − x) dµ(x) +
∫

A⋆

µ(A − x) dµ(x)

≤ (1 − µ(A)) + (µ(A) − µ(A⋆))(αn + 1 − µ(A)) + µ(A⋆)

= 1 + αnµ(A) − µ(A)2 + µ(A⋆)(µ(A) − αn).

From here we can deduce that

µ(A⋆) ≥ µ(A)2 + µ(A)(1 − αn) − 1
µ(A) − αn

Note that the denominator of the last expression is positive. On the other hand,
by definition, αn+1 is the bigger root of the polynomial X2+(1−αn)X−1, hence
the fact that µ(A) > αn+1 implies that the numerator from the last expression is
also positive. We may thus conclude that µ(A⋆) > 0 and, in particular, A⋆ ̸= ∅
so we take an x ∈ A⋆ . This means, in particular, that x ∈ A, and moreover

µ(A) + µ(A − x) − µ(A ∩ (A − x)) = µ(A ∪ (A − x))

≤ 1,

so that (using the fact that x ∈ A⋆ )

µ(A ∩ (A − x)) ≥ µ(A) + µ(A − x) − 1

> µ(A) + αn + 1 − µ(A) − 1

= αn.

Therefore, by induction hypothesis, the set A ∩ (A − x) is an IPn -set. By
Lemma 2.9, A is an IPn+1 -set, and we are done.

The sequence from the previous theorem seems interesting in its own right. Note, for
example, that a1 = −1+

√
5

2 is the absolute value of the “negative” golden ratio (i.e. the
negative root of the polynomial X2 − X − 1).
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We do not know if the bounds from Theorem 3.1 are optimal, in the sense that there
couldn’t be a theorem if we were to take smaller αn . We do know that for some partic-
ular cases of idempotent finitely additive measures (that are not ultrafilter measures),
much less is needed, cf. Example 3.5 below.

The rest of the section is devoted to examples of idempotent measures that are not
ultrafilter measures. We will need to recall some ultrafilter theory for this. The
following definitions are standard.

Definition 3.2 Given a semigroup S (equipped with semigroup operation ∗),

(1) A subset L ⊆ S is called a left ideal if S ∗ L ⊆ L ,

(2) a left ideal L ⊆ S is minimal if, whenever L′ is a left ideal such that L′ ⊆ L , it
must be the case that L = L′ ,

(3) given two idempotent elements u, v ∈ S , we say that u ≤ v if and only if
u ∗ v = v ∗ u = u,

(4) an idempotent u ∈ S is minimal if it is minimal with respect to the relation
defined above.

It turns out that the relation ≤ is a partial order [15, Remark 1.35]. Furthermore, for an
idempotent u, being a minimal idempotent is equivalent to belonging to some minimal
left ideal [15, Theorem 1.38]. Furthermore, if u is a (minimal) idempotent that belongs
to the minimal left ideal L , then [15, Lemma 1.52] L = Lu and, furthermore, for each
x ∈ L we have xu = x . Another source with a quick but complete introduction to the
theory of minimal idempotents and minimal ideals is [16]. The following lemma will
be crucial for the construction of our examples.

Lemma 3.3 There exists a sequence (un)n∈N of pairwise distinct nonprincipal idem-
potent ultrafilters, such that for all n,m ∈ I ,

un + um = un.

Proof Working in the (right-topological) semigroup Z∗ = βZ\Z, we pick a minimal
left ideal I . By [15, Theorem 6.9], I contains 2c distinct minimal left ideals, so we
may arbitrarily choose the un to be any pairwise distinct family of minimal left ideals
of I . By the properties of minimal idempotents within minimal left ideals (explained
in the paragraph prior to the present theorem), for each of these um ∈ L , and for all
x ∈ L , we will have x + um = x; in particular un + um = un for every n ∈ N.
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Corollary 3.4 There is an infinite sequence of pairwise distinct idempotent ultrafilter
measures (µn)n∈N such that, for all n,m ∈ N, we have

µn ∗ µm = µn.

□

Example 3.5 A (positive) finitely additive measure µ satisfying:

(1) µ is not an ultrafilter measure,

(2) µ is an idempotent measure,

(3) for every A ⊆ Z, if µ(A) > 0 then A is an IP-set.

Proof It suffices to take µ = 1
2µ1 +

1
2µ2 , where µ1, µ2 are taken from the sequence

guaranteed by Corollary 3.4.

(1) Since µ1, µ2 are two distinct ultrafilter measures, there exists a set A ⊆ Z such
that

µ1(A) = 1, µ2(A) = 0,

which implies that µ(A) = 1
2 /∈ {0, 1}. Therefore µ is not {0, 1}-valued —it is

not an ultrafilter measure.

(2) To see that µ is an idempotent measure, compute:

(µ ∗ µ) =

(
1
2
µ1 +

1
2
µ2

)
∗
(

1
2
µ1 +

1
2
µ2

)
=

1
4
µ1 ∗ µ1 +

1
4
µ1 ∗ µ2 +

1
4
µ2 ∗ µ1 +

1
4
µ2 ∗ µ2

=
1
4
µ1 +

1
4
µ1 +

1
4
µ2 +

1
4
µ2

= µ,

hence µ is idempotent.

(3) Suppose 0 < µ(A) = 1
2µ1 +

1
2µ2 , then there exists at least one i ∈ {1, 2} such

that µi(A) > 0. Since µi is an idempotent ultrafilter measure, we conclude that
A is an IP-set by Corollary 2.8.



Finitely additive measures on Z and additive combinatorics 11

Remark Although the previous example shows an idempotent measure that is a linear
combination of idempotent ultrafilters, not every linear (or even convex) combination of
idempotent ultrafilters results in an idempotent finitely additive measure. For example,
if we were to take two distinct ultrafilters such that u ≤ v, and we let µu, µv be the
corresponding ultrafilter measures, then the measure µ = 1

2µu +
1
2µv satisfies:

µ ∗ µ =
3
4
µu +

1
4
µv ̸= µ

and so µ is not idempotent.

In particular, thanks to the previous example we know there exist idempotent finitely
additive measures that are not ultrafilter measures. This example is still, however, a
linear combination of ultrafilter measures. So the next example will provides us with
idempotent finitely additive measures that do not belong to the linear span of ultrafilter
measures.

Example 3.6 A (positive) finitely additive measure µ satisfying:

(1) µ does not belong to the linear span of ultrafilter measures,

(2) µ is an idempotent measure,

(3) for every A ⊆ Z, if µ(A) > 0 then A is an IP-set.

Proof Take a sequence of idempotent ultrafilter measures (µn)n∈N , satisfying µn ∗
µm = µn for all n,m, by Corollary 3.4. Now define

µ =
∞∑

n=1

1
2nµn
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Then µ is as required. To see this, we first check that it is an idempotent measure:

µ ∗ µ =

( ∞∑
n=1

1
2nµn

)
∗

( ∞∑
m=1

1
2mµm

)

=
∞∑

n=1

∞∑
m=1

1
2n+mµn ∗ µm

=
∞∑

n=1

∞∑
m=1

1
2n+mµn

=
∞∑

n=1

( ∞∑
m=1

1
2n+m

)
µn

=

∞∑
n=1

1
2nµn

= µ.

Furthermore, the third property is easy to check, for if µ(A) > 0 then there is an n such
that µn(A) > 0; since µn is an idempotent ultrafilter measure, A must be an IP-set.
Finally, it remains to prove that µ cannot be written as a (finite) linear combination of
ultrafilter measures, so suppose, to the contrary, that µ =

∑k
i=1 aiνi , where each νi

is an ultrafilter measure. From this assumption, a simple calculation shows that, for
all A ⊆ Z, if µ(A) > 0 then µ(A) > min{ai|1 ≤ i ≤ k}. Let N be large enough
that 1

2N−1 < min{ai|1 ≤ i ≤ k}, suppose that ui is the ultrafilter corresponding to the
measure µi for i ≤ N , and pick a set A such that A ∈ uN but A /∈ ui for i < N (this
can be done by means of a relatively straightforward induction, or one can use e.g. [8,
Lemma 3.4], which guarantees even more). This means that µi(A) = 0 for i < N , but
µN(A) = 1. Hence,

µ(A) =
∞∑

n=1

1
2nµn(A) =

1
2N +

∞∑
n=N+1

1
2nµn(A),

so that 0 < 1
2N ≤ µ(A) ≤ 1

2N−1 , a contradiction.

4 Translation-invariant and almost translation-invariant mea-
sures

In this section we introduce two kinds of measures that provide stronger combinatorial
properties for subsets of Z.
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Definition 4.1 Let µ ∈ ba(Z).

(1) We say that µ is translation-invariant if, for every A ⊆ Z and for every x ∈ Z,
µ(A − x) = µ(A).

(2) We say that µ is almost translation-invariant if, for every A ⊆ Z, we have

µ
(
{x ∈ Z|µ(A − x) = µ(A)}

)
= 1.

Translation-invariant finitely additive probability measures,also known as invariant
means, have been extensively studied on topological groups and are closely related to
amenability [12]. In the particular setting of the natural numbers, translation-invariant
finitely additive probability measures and their basic properties have been studied [11].
It is not extremely hard to obtain these kinds of measures by means of the Hahn–Banach
theorem. The notion of almost translation-invariant measures seems to be a natural
generalization, that happens to be related to idempotence: an ultrafilter measure is
almost translation-invariant if and only if it is idempotent [14].

Clearly, every translation-invariant measure is almost translation-invariant. It is worth
noting that translation-invariant measures are never ultrafilter measures, for if we
partition Z = A0 ∪ A1 , say, letting A0 be the set of even numbers and A1 the set of
odd numbers, then if µ is translation invariant we have µ(A1) = µ(1 + A0) = µ(A0),
so 2µ(A0) = µ(A0) + µ(A1) = µ(A0 ∪ A1) = µ(Z). Therefore, if µ is nonzero, then
necessarily µ(A0) ̸= 0 and µ(Z) = 2µ(A0), showing that µ cannot be {0, 1}-valued
(this argument was probably first explicitly pointed out by Hindman [14]).

In particular, idempotent measures are not necessarily translation invariant (since
any idempotent ultrafilter measure cannot be translation-invariant). Conversely, a
translation-invariant finitely additive measure that is not an ultrafilter measure is not
idempotent. Since, if µ is such a measure, and A ⊆ Z satisfies 0 < µ(A) < 1, then, if
µ were idempotent we would have:

µ(A) =

∫
µ(A − x) dµ(x)

=

∫
µ(A) dµ(x)

= µ(A)
∫

dµ(x)

= µ(A)2,

which can only happen if µ(A) ∈ {0, 1}, a contradiction.

Now, it is well-known that if µ is an ultrafilter measure then µ is almost translation-
invariant if and only if it is idempotent. So almost translation-invariant measures appear
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to be a natural generalization of both translation-invariant and idempotent measures. In
the rest of the section, we explore the combinatoral implications of almost translation-
invariant measures first, and of translation-invariant measures after. We begin by noting
that almost translation-invariant measures yield much better lower bounds than the ones
obtained from idempotent measures in Theorem 3.1.

Theorem 4.2 Let µ be a positive, finitely additive measure, belonging to the unit ball
of ba(Z), that is almost translation-invariant. Then, for every A ⊆ Z, if µ(A) > 1− 1

2n−1

then A is an IPn -set.

Proof We proceed by induction on n, the case n = 1 being trivial. Suppose the
result is true for n, and let A ⊆ Z be such that µ(A) > 1 − 1

2n . Letting A∗ = {x ∈
Z|µ(A − x) = µ(A)}, we know by almost translation-invariance that µ(A∗) = 1. In
particular, A ∩ A∗ ̸= ∅, so let x ∈ A ∩ A∗ . Since µ(A − x) = µ(A), we obtain

1 ≥ µ(A ∪ (A − x)) = µ(A) + µ(A − x) − µ(A ∩ (A − x))

= 2µ(A) − µ(A ∩ (A − x))

> 2 − 1
2n−1 − µ(A ∩ (A − x)).

We may thus deduce that µ(A∩(A−x)) > 1− 1
2n−1 ; by induction hypothesis, A∩(A−x)

is an IPn -set, and so A is an IPn+1 -set by Lemma 2.9.

We now introduce a stronger combinatorial definition that will be related to translation-
invariant measures; this definition is inspired in the characterization of IP-sets given
by Proposition 2.9.

Definition 4.3 Given an n ∈ N, we say that a set A ⊆ Z is strongly IPn , abbreviated
sIPn , in the following recursive way:

(1) A is sIP1 if it is nonempty,

(2) A is sIPn+1 if, for every a ∈ A, the set A ∩ (A − n) is sIPn .

Remark Proposition 2.9 shows that every sIPn set must also be an IPn set. However,
for n ≥ 2, the two notions are no longer equivalent. For example, the (finite) set
{1, 2, 3} is an IP2 set (it contains FS(1, 2)), but it is not a sIP2 set. This is because
every sIP2 set must be infinite: for, if A is sIP2 , then one can recursively build an
infinite, injective sequence (an)n∈N of elements of A, simply by letting a0 ∈ A be
arbitrary and, knowing an ∈ A, there must be xn ∈ A ∩ (A − an) (since the latter set
must be sIP1 and, hence, nonempty) so we may define an < an + xn = an+1 ∈ A.
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The previous remark shows, indeed, that it is possible to have, for every n, IPn sets that
are not even sIP2 (since there are IPn sets that are finite). Despite this, the following
example shows that there is no implication relation between sIP2 and IPn when n ≥ 3.

Example 4.4 There exists an sIP2 set that is not an IP3 set.

Proof Choose an increasing sequence of natural numbers (xn)n∈N such that, for all
n ∈ N, 4xn < xn+1 . Under this condition, a standard inductive argument shows that
xn+1 > 2

∑n
i=1 xi , and this implies that the sequence (xn)n∈N has 2-uniqueness of

finite sums, as defined in [6, Def. 2.5]; in other words, every element of the form
ε1xi1 + · · ·+εkxik with i1 < · · · < ik and each εj ∈ {1, 2} can be represented uniquely
as such (in particular, every a ∈ FS(xn)n∈N can be represented in a unique (up to the
order of the summands) way as a finite sum of elements of the sequence (xn)n∈N ). Now
define

A = {an + an+1 + · · ·+ an+k|n ∈ N and k ≥ 0} ,

in other words, A is the set of adjacent finite sums from the sequence (xn)n∈N , as defined
in [2]. Then A is an sIP2 set: given any a ∈ A, we write a = xn + xn+1 + · · ·+ xn+k

and note that
{an+k+1 + · · ·+ an+k+m|m ∈ N} ⊆ A ∩ (A − a),

and in particular the latter set is nonempty, hence sIP1 .

On the other hand we claim that A is not an IP3 -set. To see this, take any a =

xn+xn+1+· · ·+xn+k ∈ A, and let us analyze what the elements of A∩(A−a) look like:
if b ∈ A∩ (A−a), then since b ∈ a we can write b = xm +xm+1 + · · ·+xm+t for some
m, t ; also, since b ∈ A−a we must have a+b ∈ A and so a+b = xℓ+xℓ+1+· · ·+xℓ+s

for some ℓ, s. Therefore

xℓ + xℓ+1 + · · ·+ xℓ+s = a + b = xn + xn+1 + · · ·+ xn+k + xm + xm+1 + · · ·+ xm+t;

from here, the 2-uniqueness of finite sums for the sequence (xn)n∈N implies that either
n = ℓ, m = n+ x+ 1, and m+ t = ℓ+ s, or m = ℓ, n = m+ t+ 1 and n+ x = ℓ+ s.
Since this holds for every b ∈ A ∩ (A − a), we see that

A ∩ (A − a) = {xn−s + xn−s+1 + · · ·+ xn−1|s < n} ∪
∪{xn+k+1 + xn+k+2 + · · ·+ xn+k+s|s ∈ N} .

Given this description of A ∩ (A − a), it becomes easy to prove, using again the 2-
uniqueness of finite sums, that whenever x, y ∈ A ∩ (A − a) we must have x + y /∈
A ∩ (A − a); hence the latter set is not an IP2 -set. Since a ∈ A was arbitrary, we
conclude that A is not an IP3 -set.
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Theorem 4.5 Let µ be a translation-invariant, positive finitely additive measure be-
longing to the unit ball of ba(Z). Then, for every A ⊆ Z, if µ(A) > 1 − 1

2n−1 then A
is an sIPn -set.

Proof We proceed by induction on n. The case n = 1 is trivial since it obviously
µ(A) > 0 implies A ̸= ∅, that is, A is sIP1 . Now suppose the result is true for n, and
let A ⊆ Z be such that µ(A) > 1 − 1

2n . Pick any x ∈ A and consider the set A − x .
Translation-invariance of µ implies that µ(A − x) = µ(A), from where we can obtain

1 ≥ µ(A ∪ (A − x)) = µ(A) + µ(A − x) − µ(A ∩ (A − x))

= 2µ(A) − µ(A ∩ (A − x))

> 2 − 1
2n−1 − µ(A ∩ (A − x)).

We may thus deduce that µ(A ∩ (A − x)) > 1 − 1
2n−1 ; by induction hypothesis, this

implies that A∩ (A− x) is an sIPn -set, and so A must be an sIPn+1 -set by Lemma 2.9.

5 Discussion

It is natural to wonder whether the bounds from Theorems 3.1, 4.2, and 4.5 are
optimal. The examples obtained in this paper do not show this, as all of the measures µ
described here satisfy that, if µ(A) > 0, then A is an IP-set. Of course, answering these
optimality questions would involve explicitly constructing some carefully fine-tuned
finitely additive measures.

Question 5.1 (1) Is there a finitely additive positive idempotent measure µ ∈
ba(Z), and a set A ⊆ Z that is not an IPn -set, such that µ(A) = αn ? (Where αn

is as defined in Theorem 3.1.)

(2) Is there an almost translation-invariant measure µ ∈ ba(Z), and a set A ⊆ Z
that is not an IPn -set, such that µ(A) = 1 − 1

2n−1 ?

(3) Is there a translation-invariant measure µ ∈ ba(Z), and a set A ⊆ Z that is not a
sIPn -set, such that µ(A) = 1 − 1

2n−1 ?

Finally, we have studied three kinds of finitely additive measures: idempotent, translation-
invariant and almost translation-invariant. We know that the first two kinds bear no
relationship between them (in the sense that being of one kind does not imply being of
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the other kind). There is, however, not much known about almost translation-invariant
measures, other than the fact that these are equivalent to idempotent in the ultrafilter
setting, but not necessarily in general.

Question 5.2 (1) Is there an almost translation-invariant measure that is neither an
ultrafilter measure, nor translation-invariant?

(2) Is there an almost translation-invariant measure that is not idempotent?

(3) Is there an idempotent finitely additive measure that is not almost translation-
invariant?

In the previous three questions, the first requires the measure not to be an ultrafilter
measure in order for the question not to be trivial (since every idempotent ultrafilter
measure is almost translation-invariant but not translation-invariant). The other two
questions, on the other hand, do not need this explicitly stated, but any examples of a
measure answering positively any of the two questions cannot possibly be an ultrafilter
measure.
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