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Introduction What is Ramsey theory?

Theorem

In every party with at least six attendees, there will either be three who
mutually know each other, or three who do not know each other.
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Introduction What is Ramsey theory?

Theorem
In every party with at least six attendees, there will either be three who
mutually know each other, or three who do not know each other.

That is, if we colour the edges of a complete graph with at least six vertices
using two colours, there will always be a monochromatic triangle.
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Introduction What is Ramsey theory?

Theorem

In every party with at least six attendees, there will either be three who
mutually know each other, or three who do not know each other.

That is, if we colour the edges of a complete graph with at least six vertices
using two colours, there will always be a monochromatic triangle.

That is,
2
6 — (3)3.
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Introduction What is Ramsey theory?

Theorem

In every party with at least six attendees, there will either be three who
mutually know each other, or three who do not know each other.

That is, if we colour the edges of a complete graph with at least six vertices
using two colours, there will always be a monochromatic triangle.

That is,

6 — (3)2.

Ramsey theoretic statements are always of the form “however you colour a
sufficiently large structure, there will always be monochromatic substructures
of some prescribed size”.
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Introduction Examples of algebraic Ramsey theoretic statements

Theorem (Schur, 1912)

Whenever we colour the set of natural numbers N with finitely many colours,
there will be two elements x,y such that the set {z,y,x + y} is
monochromatic.
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Introduction Examples of algebraic Ramsey theoretic statements

Theorem (Schur, 1912)

Whenever we colour the set of natural numbers N with finitely many colours,
there will be two elements x,y such that the set {z,y,x + y} is
monochromatic.

Theorem (van der Waerden, 1927)

For every finite colouring of N and every k < w there are two elements a, b
such that the set {a,a + b,a + 2b, ..., a + kb} is monochromatic.
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Introduction Examples of algebraic Ramsey theoretic statements

Theorem (Schur, 1912)

Whenever we colour the set of natural numbers N with finitely many colours,
there will be two elements x,y such that the set {z,y,x + y} is
monochromatic.

Theorem (van der Waerden, 1927)

For every finite colouring of N and every k < w there are two elements a, b
such that the set {a,a + b,a + 2b, ..., a + kb} is monochromatic.

Theorem (Hindman, 1974)

For every finite colouring of N there exists an infinite set X C N such that the
set

FS(X) ={z1+ - +ay|neNanday,...,z, € X are distinct}

(the set of finite sums of elements of X)) is monochromatic.

D. Fernandez (Michigan) Uncountable Algebraic Ramsey-Theory 2nd PPICTA 11/14/2017 3/18



Introduction An efficient notation

Definition

Let S be a commutative semigroup and let 9, A be two cardinal numbers. The
symbol S — ()5S will be used to denote the following statement: Whenever
we colour the semigroup S with 8 colours, there will be a set X C S with

|X| = A such that FS(X) is monochromatic.
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Introduction An efficient notation

Definition

Let S be a commutative semigroup and let 9, A be two cardinal numbers. The
symbol S — ()5S will be used to denote the following statement: Whenever
we colour the semigroup S with 8 colours, there will be a set X C S with

|X| = A such that FS(X) is monochromatic.

Thus Hindman’s 1974 theorem from the previous slide simply asserts that
N — (Ro)}" for every finite n. In fact, utilizing the tools from algebra in the
Cech-Stone compactification one can prove the following.
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Introduction An efficient notation

Definition

Let S be a commutative semigroup and let 9, A be two cardinal numbers. The
symbol S — ()5S will be used to denote the following statement: Whenever
we colour the semigroup S with 8 colours, there will be a set X C S with

|X| = A such that FS(X) is monochromatic.

Thus Hindman’s 1974 theorem from the previous slide simply asserts that
N — (Ro)}" for every finite n. In fact, utilizing the tools from algebra in the
Cech-Stone compactification one can prove the following.

Theorem (Galvin—Glazer—Hindman)
Let G be any infinite abelian group. Then G — (Xo)ES for every finite n.

—
—
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Introduction Natural questions

Theorem (Galvin—Glazer—Hindman)

Let G be any infinite abelian group. Then G — (Ro)ES for every finite n.

It is natural to ask ourselves whether it is possible to play with the parameters
0, X in the statement G — (A\)55. In other words, try out an infinite number of
colours, or try to increase the size of the monochromatic FS-set.
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Introduction Natural questions

Theorem (Galvin—Glazer—Hindman)

Let G be any infinite abelian group. Then G — (Ro)ES for every finite n.

It is natural to ask ourselves whether it is possible to play with the parameters
0, X in the statement G — (A\)55. In other words, try out an infinite number of
colours, or try to increase the size of the monochromatic FS-set.

Proposition

If G is any infinite abelian group, then G -+ (No)}? . ’
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Negative square-bracket relations Uncountable FS-sets

Theorem (F.B., 2015)
Let G be any uncountable abelian group. Then G - (R;)55.
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Negative square-bracket relations Uncountable FS-sets

Theorem (F.B., 2015)
Let G be any uncountable abelian group. Then G - (R;)5S.

Definition
Once again, S is a commutative semigroup and 6, A are cardinals. The symbol

S — (\)FS denotes the statement that whenever we colour S with 6 colours,
there will be a set X C S with | X| = A such that FS(X) is monochromatic.
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Negative square-bracket relations Uncountable FS-sets

Theorem (F.B., 2015)
Let G be any uncountable abelian group. Then G — (R;)55.

Definition

Once again, S is a commutative semigroup and 6, A are cardinals. The symbol
S — [A]FS denotes the statement that whenever we colour S with ¢ colours,
there will be a set X C S with | X| = A such that FS(X) avoids at least one
colour.
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Negative square-bracket relations Uncountable FS-sets

Theorem (F.B., 2015)

Let G be any uncountable abelian group. Then G - (R;)5S.

Definition
Once again, S is a commutative semigroup and 6, A are cardinals. The symbol

S - [A]FS denotes the statement that there exists a colouring of S with 6
colours such that for every X C S with | X| = A, FS(X) is panchromatic.
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Negative square-bracket relations Uncountable FS-sets

Theorem (F.B., 2015)
Let G be any uncountable abelian group. Then G - (R;)5S.

Definition
Once again, S is a commutative semigroup and 6, A are cardinals. The symbol

S - [A]FS denotes the statement that there exists a colouring of S with 6
colours such that for every X C S with | X| = A, FS(X) is panchromatic.

Thus,
Theorem (F.B., 2015)
Let G be any uncountable abelian group. Then G — [R;]55.
—
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Negative square-bracket relations Some previous results

Theorem (Milliken, 1978)

Suppose that G is a group such that |G| = ™ = 2% for some cardinal . Then
G - [

(Where FS,,(X) = {z1 + - - + z, |21, ..., 2, € X are distinct}, so that
FS(X) = U,en FSn(X).)
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Negative square-bracket relations Some previous results

Theorem (Milliken, 1978)

Suppose that G is a group such that |G| = ™ = 2% for some cardinal . Then
G - [

(Where FS,,(X) = {z1 + - + = |21, ..., 2, € X are distinct}, so that
FS(X) = U,en FSn(X).)

(However, it is consistent with ZFC that 2© > ™ for every infinite cardinal .)
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Negative square-bracket relations Some previous results

Theorem (Milliken, 1978)

Suppose that G is a group such that |G| = ™ = 2% for some cardinal . Then
G - [

(Where FS,,(X) = {z1 + - + = |21, ..., 2, € X are distinct}, so that
FS(X) = U,en FSn(X).)

(However, it is consistent with ZFC that 2© > ™ for every infinite cardinal .)

Theorem (Hindman, Leader and Strauss, 2015)

Foreveryn > 2,
R (5"
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Negative square-bracket relations Improving the previous result

Theorem (Komjath and independently D. Soukup and W. Weiss)

Foreveryn > 2,

R —» [wﬂgs".
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Negative square-bracket relations Improving the previous result

Theorem (Komjath and independently D. Soukup and W. Weiss)

Foreveryn > 2,

R — [r]5™".

Remark (D. Soukup and W. Weiss)

By a theorem of Shelah, it is consistent with ZFC (modulo a large cardinal
hypothesis) that R -+ [w, |55 fails for every n > 2.

UNIVERSITY OF
MICHIGAN

D. Fernandez (Michigan) Uncountable Algebraic Ramsey-Theory 2nd PPICTA 11/14/2017 8/18



Negative square-bracket relations Strong failures of Hindman's theorem

Theorem (F.B. and Rinot, 2016)
Let G be any (uncountable) abelian group. Then G — [w;]ES. J
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Negative square-bracket relations Strong failures of Hindman's theorem

Theorem (F.B. and Rinot, 2016)

Let G be any (uncountable) abelian group. Then G — [w;]ES.

Theorem (F.B. and Rinot, 2016)

It is consistent with ZFC (by assuming V = L plus the nonexistence of
inaccessible cardinals) that G - [w1]ES holds for every uncountable abelian
group G.
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Negative square-bracket relations Strong failures of Hindman's theorem

Theorem (F.B. and Rinot, 2016)
Let G be any (uncountable) abelian group. Then G — [w;]ES.

Theorem (F.B. and Rinot, 2016)

It is consistent with ZFC (by assuming V = L plus the nonexistence of
inaccessible cardinals) that G - [w1]ES holds for every uncountable abelian
group G.

Theorem (F.B. and Rinot, 2016) [

Modulo a large cardinal hypothesis (more specifically, the existence of an
w1 -Erdés cardinal), it is consistent with ZFC that R - [w;]ES fails.
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Negative square-bracket relations Exchanging F'S with F'S,,

Theorem (F.B. and Rinot, 2016)
Let G be any (uncountable) abelian group. Then G — [w;]ES.
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Negative square-bracket relations Exchanging F'S with F'S,,

Theorem (F.B. and Rinot, 2016)

Let G be any (uncountable) abelian group. Then G — [w;]ES.

Theorem (F.B. and Rinot, 2016)

If G is an abelian group of cardinality 2., then G — [|G||E3» (in particular,
G — [w1]ES") for alln € N.
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Negative square-bracket relations Exchanging F'S with F'S,,

Theorem (F.B. and Rinot, 2016)
Let G be any (uncountable) abelian group. Then G — [w;]ES.

Theorem (F.B. and Rinot, 2016)

If G is an abelian group of cardinality 2., then G — [|G||E3» (in particular,
G — [w1]ES") for alln € N.

Theorem (F.B. and Rinot, 2016)
For every integern > 2,
R [q]5°,

in particular it is consistent (e.g. assuming CH) that R - [w;]ES

n
w .
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Negative square-bracket relations Looking at the Real line

Theorem (F.B. and Rinot, 2016)
For every integern > 2,

R - []ESn.
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Negative square-bracket relations Looking at the Real line

Theorem (F.B. and Rinot, 2016)
For every integern > 2,

R - []ESn.

Theorem (F.B. and Rinot, 2016)
If ¢ is a successor cardinal (e.g., assuming CH), then

)

R - [¢]FS

for every integern > 2.
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Negative square-bracket relations Looking at the Real line

Theorem (F.B. and Rinot, 2016)
For every integern > 2,

R - []ESn.

Theorem (F.B. and Rinot, 2016)
If ¢ is a successor cardinal (e.g., assuming CH), then

R - [eiym,

for every integer n > 2.

Theorem (F.B. and Rinot, 2016)

Modulo a large cardinal hypothesis (concretely, the existence of a weakly
compact cardinal), it is consistent with ZFC thatR — [c]55~ fails for every
integern > 2.

D. Fernandez (Michigan) Uncountable Algebraic Ramsey-Theory 2nd PPICTA 11/14/2017 11/18



Negative square-bracket relations An ubiquitous phenomenon

Theorem (F.B. and Rinot, 2016)

The class of cardinals x for which every abelian group G of cardinality
satisfies G - [k])ES» for alln > 2, includes:

@ x=1Ny,Ng,...,N,,...;in fact, every successor of a regular cardinal,
@ every k such that k = A\t = 2%,

@ every regular uncountable x admitting a nonreflecting stationary set,
@ consistently with ZFC, every regular uncountable cardinal .
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Many colours, small monochromatic sets The Boolean groups

Recall that we mentioned that G -+ (w)ES for every infinite abelian group G.
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Many colours, small monochromatic sets The Boolean groups

Recall that we mentioned that G -+ (w)ES for every infinite abelian group G.

Theorem (Komjath 2016)

Given any cardinal k and any n € N, there exists a sufficiently large \ (in fact,
it suffices to take A\ = (Jyn-1_1(k)) ") such that B(\) — (n)ES.

(Here B()\) denotes the unique (up to isomorphism) Boolean group of
cardinality A, whose most friendly incarnation is ([\]<“, A\).)
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Many colours, small monochromatic sets The Boolean groups

Recall that we mentioned that G -+ (w)ES for every infinite abelian group G.

Theorem (Komjath 2016)

Given any cardinal k and any n € N, there exists a sufficiently large \ (in fact,
it suffices to take A\ = (Jyn-1_1(k)) ") such that B(\) — (n)ES.

(Here B()\) denotes the unique (up to isomorphism) Boolean group of
cardinality A, whose most friendly incarnation is ([\]<“, A\).)

Theorem (Komjath 2016)

Given any k and any n € N, there exists a sufficiently large cardinal \ (in fact,
we can take A = (Jyn—1(Jon—1_1(k)T))") such that, for any colouring of B(\)
with x colours, we can find elements x., ; (o < k,i < n) such that the set

{xao’io+-~-+mak7ik’a1,...,ak<ff/\i0<i1 << < n}

is monochromatic. We denote this property with the symbol
B(A) = (k x n)ESmauix,
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Many colours, small monochromatic sets Variations on Komjath's result

Theorem (Carlucci, 2017)

Given an infinite cardinal k and positive integers c, d, there exists a A such
that, for every abelian group G of cardinality A, it is the case that for every
c-colouring of G there exists H C G with |H| = k and a,b € N such that the set

U FS,(H)

n€{a,a+b,a+2b,...,a+db}

is monochromatic.

UNIVERSITY OF
MICHIGAN

D. Fernandez (Michigan) Uncountable Algebraic Ramsey-Theory 2nd PPICTA 11/14/2017 14/18



Many colours, small monochromatic sets Variations on Komjath's result

Theorem (Carlucci, 2017)

Given an infinite cardinal k and positive integers c, d, there exists a A such
that, for every abelian group G of cardinality A, it is the case that for every
c-colouring of G there exists H C G with |H| = k and a,b € N such that the set

U FS,(H)

n€{a,a+b,a+2b,...,a+db}

is monochromatic.

Theorem (Carlucci, 2017)

Given an infinite cardinal x and positive integers c, d, there exists a A such
that, for every abelian group G of cardinality )\, it is the case that for every
c-colouring of G there exists H C G with |H| = k and distinct ay,...,aq € N
such that the set

U FS,(H)

neFS({a,...,aqa})

is monochromatic.
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Theorem (F.B. and Lee, 2017)

Given k, let \ = 2, (r)* = (2%)". Then for every abelian group G of cardinality
A, itis the case that
G — (2)FS.
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Many colours, small monochromatic sets Improving Komjath’s results for n. = 2

Theorem (F.B. and Lee, 2017)

Given k, let \ = 2, (r)* = (2%)". Then for every abelian group G of cardinality
A, itis the case that

G — (2)FS.

Theorem (F.B. and Lee, 2017)
The upper bound from the previous theorem is optimal. More concretely,

B(2%) - (2)FS.
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Theorem (F.B. and Lee, 2017)

Given k, let \ = 2, (r)* = (2%)". Then for every abelian group G of cardinality
A, itis the case that
G — (2)FS.

Theorem (F.B. and Lee, 2017)
The upper bound from the previous theorem is optimal. More concretely,

B(2%) - (2)FS.

Theorem (F.B. and Lee, 2017)

Givenk, let A = (2“)+. Then for every abelian group G of cardinality A, it is the
case that
G — (K X 2)£Smatrix.
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Many colours, small monochromatic sets Adequate patterns

Definition
An n-adequate pattern is a sequence of n elements (z1,...,z,) € @ Z such
that for some fixed finite sequence s of nonzero integers, it is the case that

NZ[FS({xl, sy "En})} = {8}7

where NZ(z) denotes the sequence of non-zero entries of x.
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Many colours, small monochromatic sets Adequate patterns

Definition
An n-adequate pattern is a sequence of n elements (z1,...,z,) € @ Z such
that for some fixed finite sequence s of nonzero integers, it is the case that

NZ[FS({z1, ..., 2a})] = {5},

where NZ(z) denotes the sequence of non-zero entries of x.

For example, the sequence ((1,—-1,0), (0,1, —1)) is a 2-adequate pattern.
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Many colours, small monochromatic sets Adequate patterns
Definition

An n-adequate pattern is a sequence of n elements (z1,...,z,) € @ Z such
that for some fixed finite sequence s of nonzero integers, it is the case that

NZ[FS({z1, ..., 2a})] = {5},

where NZ(z) denotes the sequence of non-zero entries of x.

For example, the sequence ((1,—-1,0), (0,1, —1)) is a 2-adequate pattern.

Proposition (F.B. and Lee, 2017)
The following are equivalent:
@ There exists an n-adequate pattern,

@ for every k there exists a A such that every abelian group G with |G| = A
satisfies G — (n)ES.
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Results regarding sumsets An annoying open problem

Definition

We will use the symbol G — (\); to denote the statement that there exists a
colouring ¢ : G — 6 such that for every X C G satisfying | X| = A, the set
X + X cannot be monochromatic.
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Results regarding sumsets An annoying open problem

Definition

We will use the symbol G — (\); to denote the statement that there exists a
colouring ¢ : G — 6 such that for every X C G satisfying | X| = A, the set
X + X cannot be monochromatic.

All of the F'S,, results of myself and Rinot mentioned previously still hold if we
replace FS, with + (because X + X = FSy(X) U 2X).
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Results regarding sumsets An annoying open problem

Definition
We will use the symbol G — (\); to denote the statement that there exists a

colouring ¢ : G — 6 such that for every X C G satisfying | X| = A, the set
X + X cannot be monochromatic.

All of the F'S,, results of myself and Rinot mentioned previously still hold if we
replace FS, with + (because X + X = FSy(X) U 2X).

Question (Owings, 1974) ’

Is it the case thatN - (w)3 ?
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Results regarding sumsets An annoying open problem

Definition
We will use the symbol G — (\); to denote the statement that there exists a

colouring ¢ : G — 6 such that for every X C G satisfying | X| = A, the set
X + X cannot be monochromatic.

All of the F'S,, results of myself and Rinot mentioned previously still hold if we
replace FS, with + (because X + X = FSy(X) U 2X).

Question (Owings, 1974)
Is it the case thatN - (w)3 ?

Theorem (Hindman, 1979)

q
N - (w)d. \
—
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Results regarding sumsets Some recent results

Theorem (Hindman, Leader and Strauss, 2015)

It is consistent with the ZFC axioms (more concretely, it follows from ¢ < R,,)
thatR - (w) for some finite k.
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Results regarding sumsets Some recent results

Theorem (Hindman, Leader and Strauss, 2015)

It is consistent with the ZFC axioms (more concretely, it follows from ¢ < R,,)
thatR - (w) for some finite k.

Theorem (Komjath, Leader, Russell, Shelah, D. Soukup and Vidnyanszky,
2017)

Modulo large cardinals (more concretely, assuming the existence of a
measurable cardinal), it is consistent that R — (w);" for all finite r.
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