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The beginning of everything

The Continuum Hypothesis (CH): “The continuum equals ℵ1”.

Theorem (Gödel 1939)

It is impossible to disprove the CH from the ZFC axioms. This is, the CH is
consistent with ZFC.

Theorem (Cohen 1960)

It is impossible to prove the CH from the ZFC axioms. This is, ¬CH is
consistent with ZFC.

So, the CH is undecidable from the ZFC axioms.
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A problem in analysis

Definition
A set X ⊆ R is said to have strong measure zero if for every sequence
〈εn
∣∣n ∈ N〉 of positive real numbers, there is a sequence of intervals

〈In
∣∣n ∈ N〉 with `(In) < εn such that

X ⊆
∞⋃
n=1

In

The Borel Conjecture BC is the statement that every set that has strong
measure zero must be countable.

Theorem (Sierpiński 1928)

Assuming CH, there exists an uncountable set with strong measure zero. So
¬BC is consistent with ZFC.

Theorem (Laver 1976)

BC is consistent with ZFC. Hence, BC is undecidable from the ZFC axioms.
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A problem in algebra

Consider the following exact short sequence in the category of abelian groups:

0 // A
ι // G

π // B // 0

If we know A and B, the possibilities for G give rise to an abelian group
denoted by Ext(B,A).

A W-group is an abelian group A satisfying that Ext(A,Z) is trivial.

A well-known characterization of free abelian groups can be rephrased so as
to yield that all free groups are W-groups. The Whitehead problem was the
question whether all W-groups are free abelian.

If we restrict ourselves to countable abelian groups, then the answer to this
question is yes.

Theorem (Shelah 1974)

The axiom of constructibility implies that every W-group is free abelian. On
the other hand, Martin’s axiom implies that there are W-groups of cardinality
ℵ1 that are not free abelian. In other words, the Whitehead problem is
undecidable from the ZFC axioms.
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A problem in C*-algebras

Let H be a separable infinite-dimensional Hilbert space.

Let B(H) denote the C*-algebra of bounded operators in H,

and let K(H) be the ideal of compact operators.

The quotient algebra C(H) := B(H)/K(H) is known as the Calkin algebra.

An automorphism of the Calkin algebra is said to be inner if it is of the form
x 7−→ u∗xu for some unitary u ∈ C(H)

Theorem (Phillips, Weaver 2006)

The CH implies that there exists an outer automorphism of the Calkin algebra.

Theorem (Farah 2011)

The Proper Forcing Axiom/Open Colouring Axiom/Todorcevic’s Axiom implies
that all automorphisms of the Calkin algebra are inner.
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